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Abstract. J. Eclls and L. Lemaire introduced k-harmonic maps, and Wang 
Shaobo showed the first variational formula. When, k=2, it is called bihar- 
monic maps (2-harmonic maps). There have been extensive studies in the 
area. In this paper, we study k-harmonic immersion into a sphere, and get 
the relationship between radius and "k" of k-harmonic. And we also consider 
k-harmonic submersion. Furthermore, we construct non harmonic k-harmonic 
by Hopf map. 



Introduction 

Theory of harmonic maps has been applied into various fields in differential geom- 
etry. The harmonic maps between two Riemannian manifolds are critical maps of 
the energy functional E((p) = ^ J M \\d<fi\\ 2 v g , for smooth maps <fi : M — > N. 

On the other hand, in 1981, J. Eells and L. Lemaire [5] proposed the problem to 
consider the k-harmonic maps: they are critical maps of the functional 



E k ((b) = / e k (4>)v g , (fc = l,2,---), 



M 



where e fc (0) = ||| (d + d*) k (f>\\ 2 for smooth maps (j> : M -> N. G.Y. Jiang [3] studied 
the first and second variational formulas of the bi-energy E%, and critical maps 
of E2 are called biharmonic maps (2-harmonic maps). There have been extensive 
studies on biharmonic maps. 

In 1989, Wang Shaobo [5] studied the first variational formula of the fc-energy 
Ek, whose critical maps are called fc-harmonic maps. Harmonic maps are always 
fc-harmonic maps by definition. Especially, harmonic maps are always biharmonic 
maps. Currently, there are a lot of paper of biharmonic maps. But in this paper, 
we show biharmonic is not always k- harmonic (fc > 3). More generally, s-harmonic 
is not always k- harmonic (s < fc). This may imply that we must study A:-harmonic 
maps for generalized theory of harmonic maps. 

In this paper, we study A;-harmonic immersion and submersion. 

In 52 we introduce notation and fundamental formulas of the tension field. 

In ^21 we recall /c-harmonic maps. 

In we study /c-harmonic isometric immersion into a sphere, and obtain the 
necessary and sufficient condition for <fi to be fc-harmonic map. Furthermore we get 
several examples of fc-harmonic maps. 

Finally, in we study fc-harmonic submersion. And we construct a non har- 
monic /c-harmonic map by Hopf map. 
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1. Preliminaries 

Let [M, g) be an m dimensional Riemannian manifold, (N, h) an n dimensional 
one, and 4> '■ M — > N, a smooth map. We use the following notation. The second 
fundamental form B{<j)) of cj) is a covariant differentiation Vd<^> of 1-form d<p, which is 
a section of Q 2 T* M^^TN . And we denote 5(0) by B. For every 1,7 £ T(TM), 
let 

y) = (v#)(x, y) = (Vx#)(y) 

' ' ' = Vx#(F) - #(V X F) = V^ (X) #(F) - d0(V*Y). 

Here, V,V W , V, V are the induced connections on the bundles TM, TN, <f)- l TN 
and T*M® 4>~ 1 TN, respectively. 

And we also denote B(ei, ej) by By, where {e^}™ 1 is locally defined orthonormal 
frame field on (AI,g). 

If M is compact, we consider critical maps of the energy functional 

(2) E(4>) = [ e{4>)v g , 

where e(cj)) — ^||d0|| 2 = Y^iLi ^(d(f>(ei),d(f>(ei)) which is called the energy density 
of <j), and the inner product (•, •) is a Riemannian metric h. The tension field t(</>) 
of 4> is defined by 

m m 

(3) r(0) =^(V#)(e i ,e i ) = ^(V e< #)(e i ). 

i=l i=l 

Then, (j> is a harmonic map if t(0) = 0. 

The curvature tensor field R N (-, •) of the Riemannian metric on the bundle TN 
is defined as follows : 

(4) i^(x,Y) = v£v£-v£v£-V^ y] , (x,Yer(TN)). 

A = V V = — X)fcLi(^e fc V efc — ^V e e fc ), is the rough Laplacian. 
And G.Y.Jiang [3] showed that <fi : (M, g) — »• (N, h) is a biharmonic (2-harmonic) 
if and only if 

At(4>) - i^r^),^))^) = 0. 



2. fc-HARMONIC MAPS 

J. Eells and L. Lemaire [5] proposed the notation of &;-harmonic maps. The 
Euler-Lagrange equation for the k- harmonic maps was shown by Wang Shaobo 9 . 
In this section, we recall fc-harmonic maps (cf [6], [9]). 

We consider a smooth variation {(/> t } te / e (I e = (— e, e)) of cj) with parameter t, i.e. 
we consider the smooth map F given by 

F:I e xM^N,F(t,p)=<t> t (p), 

where F(0,p) = </>o(p) = (f>{p), for all p € M . 

The corresponding variational vector field V is given by 



<t>t(p) G T 4>(p) N ' 



t=o 



V are section of <j)- 1 TN, i.e., V £ T(4>~ 1 TN). 
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Definition 2.1 ([S]). For k = 1, 2, • • • the k-energy functional is denned by 

M<t>) = \l \\(d + d*) k <fr\\ 2 v g , 0eC°°(M,JV). 

Then, is k-harmonic if it is a critical point of iS/j, i.e., for all smooth variation 
{(fit} of with 0o = 0, 

d 



dt 



em = o. 



t=o 



We say for a fc-harmonic map to be proper if it is not harmonic. 
Theorem 2.2 ([9 ). Let k = 2s (s = 1, 2, • • • ), 

d 



where, 



(5) 



(r 2s (0),V^), 



r 2s (0)=A r(0)-i? iv (A r(0),d0(e,-))d0( ej ) 

s-l 



-S+/-2 . ,. — -7-s-J-l 



R»(A°^ r(0),V ej A a V(0))d0(e,)}, 



where, A = 0. 



Theorem 2.3 ([9j). Let k = 2s + 1 (s = 0, 1, 2, • • • ), 

d 



(ft 



2s+l\ ( Pt) 



t=0 



t 2s+1 (4>),v), 



M 



wht 



r 2s+1 {4>) =A r(0) - R N (A 1 r(0),d0(e,))d0(e J ) 

s-l 

(6) - ^{^(V e , A s+ '-V(0), A s ^"V(0))d0( ej 

i = l 



-i? Ar (A s+ ^ 1 r(0),V ej .A^ 1 r(0))d0( ej )} 
i? A, (V ei A s " 1 r(0),A^ 1 r(0))d0(e l ), 



where, A = 0. 



3. fc-HARMONIC ISOMETRIC IMMERSION 

In this section we consider fc-harmonic isometric immersion <f> : (M, g) — > (N, h) 
from an m-dimensional compact Riemannian manifold into an n-dimensional Rie- 
mannian manifold. And in this section, we denote the second fundamental form 
B(ei,ej) by By, where {e^}"^ is locally defined orthonormal frame field on M. 

G. Y. Jiang [5] showed the following. 

Theorem 3.1 ([3). Let <f> : M — > S m+1 be an isometric immersion having parallel 
mean curvature vector field with non-zero mean curvature. Then, the necessary and 
sufficient condition for (f> to be biharmonic is \ \B\\ 2 = m — dimM. 
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We consider the case of fc-harmonic isometric immersion. First we show the next 
lemmas. 

Lemma 3.2. Let 4> : (M,g) (N,h) be an isometric immersion of which the 
second fundamental form B is parallel, i.e., V B = 0, where is the induced 
connection of the normal bundle T M by <fi. Then, 

AB st = h(AB st , dcj)(ei))d(j)(ei) - h(W et B st ,d^(e 3 ))B l3 . 

Proof. Let us recall the definition of V^: For any section £ € T(T M), we decom- 
pose Vxi according to TN\ M = TM@T ± M as follows. 

^xi = Vd<t>(X)€ = V I«/>(X)C + Vd<t>(x)€- 
By the assumption, V^f X \B 8t = for all X e T(TM), we have 

V x B st = V^ {x) B st e r(^TM). 
Thus, for all i = 1, • • • , m, 

V ei B st = /i(V ej S st ,#( ej -))#(ej) 

because {^(ej)^}^]^ is an orthonormal basis with respect to h, of <fi*T x M(x £ M). 
Now let us calculate 

V*VB st = -{V ei V ei B st - V Ve . ei B st }. 

Indeed, we have 

V e ,V es S st =/i(Ve i V ei S s t,#(e J -))#(e3) + /i(V ej S st , V ei #(e3))#( ej ) 
+ h{y ei B st ,dcj)(e j ))V ei d<t>(e i ), 

and 

V Ve . e ,-B st = h(V^^ ei B st ,dcf>{ej))d(l){e ), 

so that we have 

(7) V*VB st =/i(V*VB si ,#(e j ))^(e j ) 

- {/i(V eiJ B st , Ve^iej^d^ej) 
+ /i(V ei S st ,rf^(e j ))Ve 4 ^(e i )}. 

Denoting V^e^ = E£Li r ii e *> we have r£ + = 0. Since (V e ,d0)(e J ) = 
V ei d<fi(ej) — d<fi(V ' &i ej) is a local section of T ± M, we have for the second term of 
the RHS of ([7]), for each fixed i = 1, . . . , m, 

(8) h(y ei B sU Ve 4 #(e,-))#(ei) =h(V ei B st , (y^dflfa) + d^Ve^d^ej) 

=h(V ei B st , d<f>(\7 ez e 3 ))#(e j ) 
=/i(V ei S s4 ,^(e fc ))#(r^ ej ) 
= - ft(V eiJ B si ,#(e fe ))#(r4 ej ) 
= - h(V et B st , d(f)(e k ))d(f)(V e t e k ). 
Substituting ((SJ into ([7]), we obtain this lemma. □ 
Lemma 3.3. Under the same assumption as in Lemma \3.8\, we have 

AB st = -/i( J B st) i? JV (#(e j ),#(e fc ))#(e fc ))#(e j ) + h{B st ,B i j)B i j. 
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Proof. Since h(B stl d<j){ej)) — 0, differentiating it by ej, we have 
h{W ei B st ,d^{ej)) = - h(B st ,V ei d<t>{ej)) 

= -h(B st ,(V ei d<l>)(e j )). 

And we have 

/i(V ei V ei B st ,#(ej)) + /i^B^, V ei #(e,,-)) 
= -h(y ei B st ,B i:j ) - /i(B stl V e ,B 13 ) 

So we have 

(9) =/i(V ei V ei fl si ,#(e 3 -)) + h(V ei B sU V ei #( ei )) 

+ fo(V ei B st , B ti ) + /i(B st , V e , By ) 
=/i(V ei V ei B s t,#(e J -)) + /i(V ei B s t,#(V ei ej)) + /i(B st , V^Ve^X^)) 
=/i(V ei V ei B s t,#(e J -)) + h(V ei B sU d</>(V ei ej)) 

+ ft,(B st) (V e , V ei #)(ej-) + (V e( #)(V e( ej))- 
Here, using /i(B st , d</>(V ei ej)) = 0, we get 

= /i(V ei B st ,#(V e< ej)) + MB st , V ei d«^(V ei ej)) 
= /i(V ei B S i,d0(V eiej )) + MB st , (V^d^JCVe,^)). 

Thus, © coincides with 

(10) h{V ei V ei B st , #( ej )) + MB st , (V e4 V ei #)( ei ) = 0. 
And using h(B st ,d4>(ej)) — 0, we obtain 

(11) =/i(Vv. i e 4 B rt ,d0(e i )) + ^(Brt ) Vv« ie4 d0(ei)) 

=^(V Ve< e ^ B st , dct>{ej)) + h{B st ,(V Vei « #) fa)). 
By (HHJ), and ([TTp. we have 

(12) = - h(W e y et B st ,dcb{e 3 )) - h(B st , (V ei V ei d0)( ej ) 

+ h(y VHei B sU d4>(ej)) + h(B st , (V Veje( #)(>;,•)) 

=/i(AB st ,#( ej -))+/i(B st ,(V*V#)( ej -)), 

where, V*V = -(V ei V ej - V Ve . e J- 
By Wizenbock formula 

Ad(j) = V*V# + 

where, 

Sd0(X) = -(5(X,e fc )d0)(e fc ), 

R(X,Y)d(f>(Z) =R^ lTN (X,Y)d<p(Z) - d(j>(R M (X,Y)Z) 

=R N (d(j)(X), d(j){Y))d(j){Z) - d(j){R M {X, Y)Z), X,Y,Z G T(TM), 

and 

Ad<^(ej) = (dd* + d*d)d(f>(e j ) = dd*d<t>{e j ) = -dr^e,) = -V^t^), 
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we obtain 

(13) (V*Vd0)(ej) = A d0(e 3 -) - Sctyfo) 

= - Ve 3 .r(0) + R N (d<t>( ej ), #(e fe ))#(e fc ) - d(j>{R M {e h e k )e k ). 
Substituting (|T3J| into (TT2j). we get 

h(KBst,dxj>{ej)) =-h{B st ,-V ei T{4>) +R N {d(t>{e 3 ),d^{e k ))d<t ) {e k ) 

-d(j>(R M {e j ,e k )e k )) 
= - h(B st ,R N (d ( j ) (e ] ), d4>{e k ))dcf>(e k )). 
Therefore, we obtain this lemma. □ 

Lemma 3.4. Let <f> : (M, g) — ¥ {N, h) be an isometric immersion into a Riemann- 
ian manifold with constant sectional curvature K, and second fundamental form of 
<t> is parallel, Then, 

k kl 

( 14 ) A Bij = h(B l:i ,B lljl ) h(B idl , B Hl+1)Hl+1) )B lkjk . 

i=i 

Proof. Since the curvature tensor R N of (N, h) is given by 

R N (U, V)W = K{h{V, W)U - h(W, U)V], U,V,W € T(TN), 
R N (d(j)(ej),d(j)(e k ))d(f>(e k ) is tangent to 4>*,TM. By Lemma l3~3l we have 

(15) AB st = h{B sU B ij )B ij 
For all X e F(TM), we have 

VxWB^B^Bij} =(Vx/i(B st ,S ij )) J B i j + h{B st ,B tJ )V ' X B %] 
—h(B st , Bij)VxBij. 

Similarly we have 

VxVx{h(B st ,Bij)Bij} = hiB^BijjVxVxBij. 
Thus, we obtain 

A B st = h(B st ,Bij)ABij = h(B st , Bij)h(Bij , B k i)B k i. 
Repeating these steps, we get 

k k l 

(16) A Bij = h{B i j,B ix j 1 ) h(B iljt , B l{l+1)Hl+1) )B lkjk . 

i=i 

Therefore, we obtain the lemma. 

□ 

Using these lemmas, we show the next proposition. 

Proposition 3.5. Let <f> : AI — > S m+1 be an isometric immersion having parallel 
second fundamental form. Then, the necessary and sufficient condition for <p to be 
k -harmonic is 

||i?|| 4 -m||S|| 2 -(A ; -2)||r(^)|| 2 =0. 
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Proof. If we denote by £ the unit normal vector field to </>(M), the second fun- 
damental form B is of the form B(ei,ej) = (V ei d<fi)(ej) = hij£. Then, we have 

t{4>) — B(ei,ei) = hut; and ||i?|| 2 = hijhij. Using Lemma [3.41 we get A r(</>) = 
ll-BH^Y^). So we have 

= t 2 M =A 2s "V(0) - {mA 2s " 2 r(0)} 



^{(-(^(e 4 ),V ei A s+ ^ 2 r(0))A s ' V(ffl 
1=1 



- ((V e ,A s 1 \{^d<l ) {e i ))A s+l \(<f>))} 
=A 2s ~V(0) - mA 2s_2 r(0) 

s-l 

-^{(r(0), A s+ ^ 2 r(0))A^^ 1 r(0) + (S^V^), r(0)) A^r^)} 

= || jB ||2(2 S -l) T(0) „ m || B ||2(2 S -2) r( ^ 

_g { || B ||2( 2 -3)|| T(0) ||2 T(0) + ||jB||2 ( M||T(0)|| 2 T((/))} 

= ||i?|| 4s - 2 r(0) - m||B|| 4s - 4 r(0) - 2(a - 1)||S|| 4s - 6 ||t(0)|| 2 t^) 
= ||i?r- 6 T(0){l|5|| 4 _ m ||fl||2 _ 2 ( S - l)||r(0)|| 2 }. 

So is 2s-harmonic (s = 1, 2, • • • ) if and only if 

||B|| 4 -m||B|| 2 -2( S -l)||r(^)|| 2 =0. 
Similarly, is 2s + 1-harmonic (s = 1, 2, ■ • • ) if and only if 



|5|| 4 -m||B|| 2 -(2 S -l)||r(0)|| 2 =O. 



□ 



Corollary 3.6. Let <fi : M S m+1 be a k-harmonic isometric immersion (k — 
3, 4, • • • ) having parallel second fundamental form B ^ 0. If (p is biharmonic, then 
<t> is harmonic. 

Proof. By Proposition 13.51 

= m 2 -m-m-{k- 2)||r(0)|| 2 = -(Jfc - 2)||r(0)|| 2 . 
So we get the corollary. □ 
We define (cf. [9], [3]) 

MI" (A) = S p ( . 1 )x S m - p (—^=) \>0,0< P <m. 

Indeed, : M™(A) — > S m+1 has the parallel second fundamental form, and 4> 
satisfies that 

\\ T (ct>)\\ = \p\-(m-p)±\, 

and 

||-B|| 2 = p\ 2 + (m — p)—r. 

Thus, when A 2 = ^y^, (j> is harmonic. 

Using Proposition 13.51 <f> is fc-harmonic if and only if 
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(A 2 - ^— ^)(A 6 - (k - 1)A 4 + (jfc - l) v "" " y A 2 - ^—^) = 0. 

P P P 

Thus <p is proper /c-harmonic if and only if 

A 6 -(fc-l)A 4 + (fc-l)(^A 2 -^=0, A 2 ^^. 

P P P 

So we obtain two theorems. 

Theorem 3.7. Isometric immersion <j) : S m (-^=) — >• 5™+! { s a special proper In- 
harmonic map . 

Theorem 3.8. Isometric immersion tfi : M™(A) — > S m+1 is a proper k-harmonic 
map, where A satisfies that 

A 6 -(fc-l)A 4 + (fc-l)fc^A 2 -^=0, AV^. 

P P P 

Especially, we have the next two results 

Corollary 3.9. When, to = 2p, 

1) When, k = 2,3,4. 

There are no proper k-harmonic map. 

2) When, fc = 5,6,---. 

Isometric immersion <fi : Af™(A) — > S m is a proper k-harmonic map if and 
only if 



)(A 6 -(fc-l)A 4 + (fc-l)I^A 2 -^) 



A 



'k-2±y/k(k-4) 



Corollary 3.10. When, m ^ 2p, isometric immersion <fi ■ M™(\) — > S ,n+1 is 
proper k-harmonic, where, 



A x k 2 - 3a(k - 1) - 2k + 1 k - 1 

A =\r + — y — + — 



where, 



_ v/-a(afc 4 - 4(a 2 +a + l)k 3 + 12(a + l) 2 fc 2 - 4(3a 2 + 10a + 3)fc + 4(a - l) 2 ) 

A o 

23 § 

-2k 3 + 9a(k 2 -2k -2) + 2(3k 2 - 3k + 1) 



54 

TO — p 

a = . 

P 

4. fc-HARMONIC SUBMERSION 

In this section we generalize Oniciuc's results pQ. Let 
S n (a) = S n (a) x {b} 

= {p = (x 1 , ■ ■ • , x n+ \ b); (x 1 ) 2 + ■ ■ ■ + (x n+1 ) 2 = a 2 ,ae (0, 1), a 2 + b 2 = 1} 

be a parallel hypersurface of S n+ , and the canonical metric (•, •) on S n+ . 
And let 

T(TS n {aj) = {X = (X 1 , ■ ■ ■ , X n+ \ 0) a: 1 A" 1 + • • ■ + a;" +1 X n+1 = 0}, 
be the set of all sections of the tangent bundle of S n (a). 
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Then, 

C 

is a unit section in the tangent bundle of S n (a) in S n+1 , where c > and c 2 = a 2 + fr 
Thus 77 satisfies that 

(f/,p)=0, (v,x} = o \n\ = l. 
By a direct computation we obtain 

(17) A = —I, B(X,Y) = --{X,Y)ri, V^r? = 0, 

c c 

where ^4 is the shape operator, B the second fundamental form of S n (a) and V 1 * 
is the normal connection in the normal bundle of S n (a) in S n+1 . 

Now, we consider a Riemannian submersion if : {M,g) — > 5™ (a), the canonical 
inclusion i : S n (a) -> S" l+1 , and 4> = i o p : (M,g) -t S n+1 . The rank of is 
constant, equal to n.. The next theorem was proved by C. Oniciuc [T]. 

Theorem 4.1 ([1 1). Assume that if : (M,g) — > S n (a) is a harmonic Riemannian 
submersion. Then, <fi : (M, g) — > is not harmonic, and it is biharmonic if and 

only if a = and b = ±-^. 

We generalize this theorem. 

Proposition 4.2. Assume that ip : (M,g) — > S n (a) is a harmonic Riemannian 
submersion. Then, <f> : (M,g) — » S n+1 is proper Is-harmonic if and only if a = 

Proof. Let p € M, we have T p M = T% M © T^M, where T p M = keidip p and 
T p M is the ortogonal complement of T p M in T p M with respect to the metric g. 
Let W be an open subset of S n (a) such that p(p) £ W and let {Ya}^ =1 be an 
orthonormal frame field of W. Set U = p~ 1 (W), {X a } = {Y^}, and consider an 
orthonormal frame field {Xs}™ =n+l on T V U. The tension field of if is given by 

m 

(18) r(f) p = - d<p p (V Xs X s ) 

s—n+l 

(cf [T]). Computing the tension field of <f> we obtain 

n 

r(0) = di(r((f)) + traceV di(dip-, dip-) = B(Y a , Y a ) = r), 

0=1 c 

i.e., <p is not harmonic. 

To simplify the notation, we denote the Levi-Civita connection V s *- a ' of S n (a) 
by V^. Computing A 77 we get 

m 

At? = - ^{V Xi V x ,Jj - Vvx.x^} 

i=l 
n 

= - H{Va q V Xq 7 7 - V Vxa x„ij} 

Q = l 

m 
s— n+1 



10 



SHUN MAETA 



Here we obtain 

Vx a V = V£ +1 77= -Y a , 

and using (|17[) we obtain 

(19) Vx a v Xa v =~v£ +1 y Q = -(V£,Y Q - -v) 

c c c 

1 n 1 

c 

Further, we have 

(20) V Vxq a-^ =Vf^V r; = -V$Y a , 

Ya a C 

(21) Vx s Vx s r/ = 0, 

(22) V Vxs x s ry =V££ Jr .*.)»7 = ~M^X.X a ). 
So we obtain 

fi 

(23) Ary = 
Repeating these steps, we have 

(24) A l r ] =(^) l r ] , (l = l,2,.--), 
and 

n n 
c c 

A direct computation shows 



(25) A'r(0)=--(-)S, a = i,2,--o- 



(26) ^i? s " +1 (AV(0),#(X l ))#(X J ) =nA'r^ = - — 



(27) J] i? s " + (Vx.AV^), AV(0))d0(Xi) = (-) l+r+ \ 

i c c 

i— 1 

and 

m 2 

(28) ^i?" +1 (AV(0),Vx 1 A'r(0))d0(X 4 ) = 2_(ii)'+H-i^ 
»=i c c 

Substituting J25JI, ([H, (J17J) and (gSJ) into ©, we obtain 

(29) T 2 M=-~& 2s - 1 V + ^r-*r ] 

-&--(4) 2s ^--(4) 2s ^} 

* — ' c c c cr 

i=i 

= --(4) 2s - 1 {i-(2 S -i) C >- 



So is proper 2s-harmonic if and only if c = ^s-i ^ e "' a = "715 an< ^ ^ = ~*~ y 2 • 

□ 

Similarly we have 

Proposition 4.3. Assume that ip : (M,g) — > S n (a) is a harmonic Riemannian 
submersion. Then, tfi : (M,g) — > S n+1 is proper 2s + 1-harmonic if and only if 

a = 7S+T andh = ± \[Si- 
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Proof. The proof is similar to that of Proposition ^. 21 □ 

By Proposition ^. 21 [4.31 we obtain the next theorem. 

Theorem 4.4. Assume that p : (M,g) — > S n (a) is a harmonic Riemannian sub- 
mersion. Then, (p : (M, g) — > S n+1 is proper k-harmonic if and only if a — ^4= and 

Proof. By Proposition 14.21 and 14. 31 we obtain this theorem. □ 

Since the radial projection 

S"~>S n (a), x^ax, 

is homothetic, a harmonic Riemannian submersion ip : (M,g) — > S n becomes a 
harmonic Riemannian submersion tp : (M,a 2 g) — > S n (a), and using the above 
theorem, we obtain a proper fc-harmonic submersion <p : M — > S n+1 . Especially we 
obtain the next corollary. 

Corollary 4.5. The Hopf map tp : S 3 (Vk) = {{z\ z 2 ) € C 2 ; (z 1 ) 2 + (z 2 ) 2 = k} -> 
S 2 (^), that is 

V(z\z 2 ) = 1 ±=(2z^ 2 ,\z 1 \ 2 -\z 2 \ 2 ) 
induces a proper k-harmonic map. 

Let n\,n 2 be two positive integers such that n = n\ + n 2 and let ri,r 2 be 
two positive real numbers such that r\ + r\ = 1. Let tpj : (Mj,gj) —> S nj (rj) 
(j = 1,2) be harmonic Riemannian submersions, and <p = i o (tpx x p 2 ), where 
i : S ni (ri) x S ri2 (r 2 ) — > S n+1 is the canonical inclusion. 

C. Oniciuc [T] showed the following. 

Theorem 4.6 ( 1 ]). The map (j) is a proper biharmonic submersion if and only if 
r\ = r 2 = -j= and n x ^ n 2 . 

We consider general case, and get the next results. 

Theorem 4.7. The map (j) is a proper k-harmonic submersion if and only if 

2 2 2 2 

Am + r -±n 2 ) 2 - nfem + %n 2 ) - (k - 2)(— n 2 - — m) 2 = 0, 
rf ri rf ri r 2 r\ 



and 



Proof. Let 



— n 2 m 0. 

f(p) = f — Pi) — - P2 
\n r 2 

where p — (pi,p 2 ) € S^ 11 ^) x S n2 (r 2 ). Then £ is a unit section in the normal 
bundle of S ni (ri) x S ri2 (r 2 ) in S n+1 . By a straightforward computation we obtain 

T {4>) = (—12 ~ — «l)£> 
r 2 n 

When, fc = 3,4, ••• , 

2 2 

(30) rfe (^lfn 1 + -|n 2 ) fe - 3 (^n 2 -^n 1 ) 
rf r\ r 2 n 

2 2 2 2 

{(4m + ^n 2 ) 2 - n(^|m + ^n 2 ) - (A; - 2)(-n 2 - -m) 2 R, 
rf ri rf r 2 n 
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Therefore, we have the theorem. □ 

Corollary 4.8. i) If 712 = n\, 

1) When, k = 2,3,4 

There are no proper k-harmonic submersion. 

2) When, fc = 5,6,--- 

The map <f> is a proper k-harmonic submersion if and only if 



or 




Example 4.9. i) If n 2 = 2n\ 

The map <j) is a proper 3-harmonic submersion if and only if 



n = 



r-2 



^3^(81^19-1 


- 197^3) § ^ 


- 1133(81 V / 19+ 197^)* - 


14^3 




3*(81\ 


/19 + 197V3)h 


3 




f 197^3)1 


+ 1633(81719 + 197^)^ - 


f 14^3 




3§ (8H 


/19 + 197^3)* 





etc. 



ii) If ri2 = cn\, (c = 2, 3, • • • ) 

The map <p is a proper 4-harmonic submersion if and only if 




(c - 1)1 + (c + 3)C3 + ( c - 1) i Ci 



4C3( c+ l) 



(c - 1)§ + (3c + l)d - (c - 1)3(71 



4C3( C +1) 



where, C = c 2 + AJcic + 1) + 6c + 1 
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